CHERNOFF AND TROTTER-KATO THEOREMS FOR LOCALLY 

CONVEX SPACES. 

NEKLYUDOV A. Y. 

a^ 
o, 

^^ I Abstract. We develop new approach for studying the abstract Cauchy problem 

CN ■ X = Ax, x{0) = xo & ^(A), for linear operator A defined on locally convex space X. 

^ I This approach was firstly introduced in the paper " Chernoff and Trotter type product 

O ■ formulas" to study the problem for Banach spaces. In this paper we not only generalize 

j /' j I the results of the previous paper to more general topological spaces but also get new 

results for Banach spaces. In particular, we prove the "local" extension of Chcrnoff- 
rsl I Trotter-Kato type theorems. Applying this result, we prove Chernoff, Lie- Trotter and 

Trotter-Kato theorems for locally convex spaces. Also we find necessary and sufficient 
conditions for the validity of the Chernoff and Trotter product formulas. 
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1. Introduction 

The paper is devoted to extensions of Chernoff, Lie- Trotter and Trotter-Kato theorems 
for locally convex spaces. In the paper we have developed the approach which was firstly 
introduced in |i2j for studying the abstract Cauchy problem x = Ax, x(0) = xq E T>{A) 
in Banach spaces. As a result, we not only generalize the results of that paper to more 
general topological spaces, but also get new results for Banach spaces. In particular, we 
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find new proofs of Chernoff, Lie- Trotter and Trotter-Kato theorems (^) and, moreover, 
prove the local version of these theorems. 

Chernoff, Lie- Trotter and Trotter-Kato theorems are classical results in the theory of 
Co-semigroups in Banach spaces ([1], [5]). Initially the "resolvent" technique was used to 
prove these theorems. So, the development of this technique for the theory of semigroups 
in locally convex spaces was one of the central problems in works [6], [7], [8], p^, [IGJ, [20j 
and others. Let us draw attention to [1]. There, applying the "resolvent" technique de- 
veloped in [H] , the extensions of Trotter-Kato theorem were proved for locally equicon- 
tinuous semigroups defined on sequentially complete locally convex spaces (Theorems 
15, 17). However, unlike our variant of the extension of Trotter-Kato theorem (Theo- 
rem l6.2l) . these results are not applicable to arbitrary equicontinuous semigroups. Indeed, 
it suffices to construct a generator Z of the /Co-semigroups T, such that there doesn't 
exist A G C, for which the image of the operator AI — Z is dense in X (see the example 
of such semigroup in Example 16. ip . 

Chernoff theorem [3] is the extension of Lie- Trotter theorem [19] and can be considered 
as one of the central theorems in the theory of semigroups. Chernoff theorem is applied 
to find representations of solutions for many equations in mathematical physics such as 
Shrodinger equation and heat equation. In particular, E. Nelson p^ applied Lie- Trotter 
formula for representing the solution of Shrodinger equation by Feynman path integrals 
in phase space. Chernoff theorem was used in [TS] to find the solution of heat equation 
on a compact Riemannian manifold and it was also used in [TT] to represent the solution 
of Shrodinger equation by Feynman path integrals. 

In the present paper we obtain Chernoff type formula for the local solution of the 
abstract Cauchy problem 

(1.1) X = Ax, x(0) = xo G P(A), 

for any linear operator A G 2x on a locally convex space X (see Definitions I2.22[ |4. II and 
Theorem 15. 1|) . Applying this result, we find necessary and sufficient conditions for the 
existence of the local solution of the abstract Cauchy problem 11.11 (see Theorems 17.11 17.21 
and Corollary 17.11) . Moreover, we prove the extensions of Chernoff, Lie- Trotter and 



Trotter-Kato theorems for sequentially complete locally convex spaces (see Theorems 16.11 
16. 3p . As a consequence of these results, we find necessary and sufficient conditions that 
the closure of a linear operator A is the generator of the locally equicontinuous semigroup 
(see Theorems 18.2115^ Corollaries 18. 1115751 and Remark 18. 2p . In addition, we show that if 
there exists a local solution of the abstract Cauchy problem 

(1.2) x = Zx, x(0) = Xo eV{Z), 

where Z is a densely defined dissipative linear operator in a Hilbert space X, then the 
solution can be represented by Chernoff type formula (Corollary 19.41) . In this case Cher- 
noff theorem is not applicable because the closure of Z may not be the generator of the 
Co-semigroup. By Theorem 15.11 we also easily get representations of the local solution 
for Shrodinger equation by Feynman path integrals ([17]). In conclusion, note that the 
proof of Theorem 15.11 can be used to find an estimate of the rate of convergence of the 
approximation to the local solution of the abstract Cauchy problem (II. ip . 
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2. Preliminaries. 

Let E be a locally convex space on the field T G {M, C} with topology generated by 
semi-norms || ■ ||q, a G Q; C(E) be the space of all bounded linear operators in E with the 
topology of pointwise convergence (strong operator topology); I be the identity operator 
in E. For any function C we denote T>{C) the domain of C Linear subspaces of E 
will be considered as the locally convex spaces with topology generated by the natural 
semi-norms (i.e. the semi-norms inherited from the locally convex space E). For any set 
A C E let the function || ■ ||a : E i-^ [0, oo) U {oo} be defined by the equality 



>{t>0\x/t^A}, if {t > 0|x/t ^ A} ^ 



I, „ y ^^P 

I^IIa = i 

1 0, otherwise, 

where a; G E; A° be the set consisting of all linear continuous functionals / on E such 

that sup |/(a;)| < 1. For any set B denote 2^ the set consisting of all subsets of B. For 

xeA 
any function S : [0, oo) i-^ 'C(E) we denote S* the function from [0, oo) to £(E*) such that 

S*(s) = (S(s))* for each s > 0. Recall that the dual space E* is the locally convex space 
of all linear continuous functionals on E with the topology generated by the semi-norms 
of the form || ■ ||a°, where A is a bounded subset of E. 

Further the expressions (x, 0) and \\x\\^, where a; G E and G E*, is defined by the 
equalities (x, 0) = (f){x) and \\x\\^ = \{x,(f))\. It is not difficult to show that ||/||a° = 
sup |(a;, /)| for any / G E*. 

x£A 

Definition 2.1. Linear operator A : 'P(A) -^ E is closed if its graph {{x,Ax)\x G 
P(A)} is closed in the product space E x E. 

Definition 2.2. Linear operator A : 'P(A) -^ E is closable if the closure of its graph 
{{x, Ax) I a; G I? (A)} is the graph of the linear operator. 

Definition 2.3. The set A C E is sequentially dense in E, if for each a; G E there 
exists a sequence {a;fc}A;gN, Xk G A, such that there exists the limit \im.k^ooXk = x. 

Definition 2.4. The set A C E* is *-dense in E*, if for each G E* there ex- 
ists a sequence {(f)k}keN, <Pk G A, such that for each a; G E there exists the limit 
lim^^oo {x, (pk) = (x, 0), where E is the completion of the space E. 

Definition 2.5. Let K be a non-empty set. A filter base ^ G 2^ is a system of subsets 
of K satisfying the following condition: 
i) The intersection of any two sets of "^ contains a set of J. 
a) ^ is non-empty and the empty set is not in ^. 

Definition 2.6. Let G be a function from non-empty set K to E. Let ^ G 2^ be a 
filter base. The point x G ^ is said to be a limit of the function G with respect to the 
filter base ^, 

lim G = X, 
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if for any a & Q and e > there exists L^^^ G ^ such that \\G{y) — x\\a < e for any 
y e La,e- 

Definition 2.7. Let G be a function from non-empty set K to M. Let ^ C 2^ be a 
filter base. The point x &M. is said to be the upper limit of the function G with respect 
to the filter base ^ 

lim sup G = X 

if for any L G ^ and e > there exists L^ G 5^ such that L^ C L and 

< sup {G{y) - x) < e. 

Definition 2.8. A family of functions Gp G C{E), /3 G F, is equicontinuous if for any 
a G f2 there exists {ajjJL^, ctj G fi, and {&i}"=i, &« > 0, sucii tiiat we have 



x\ 



sup||G/3x|U < y^bil 

for each x G E. 

Definition 2.9. For any function F : [0, oo) ^ C(E) and s > let Bf C £(E) be tiie 
family of functions {F'^{-)\m.d/n < s, n, m G N, (i > 0}. 

Definition 2.10. The set £e is the set of all functions F : [0, oo) ^-^ -^(E) such that 
F(0) = I and the set Bf is equicontinuous for each s > 0. 

Definition 2.11. For any F G £e, a E n, s > let the function \\ ■ Wl'" : E t-^ [0, oo) 

be defined by the equality ||a;||^'** = sup [[(^(a;)!!^, a; G E. 

ggBF 

Definition 2.12. By Definition \2.11\ and induction over n, for any {Fj}"^]^, Fj G 

£e, a E Q, {sj}"^]^, Si > 0, let the function 

II . ||Fi,«i;F2,.2;...;F„,.„ . £ h^ [0, Oo) 

be defined by the equality 

II ||Fl,si;F2,S2;...;F„,s„ _ || / N||Fi,si;F2,S2;...;F„_i,s„_i ™ ^ xp 

for each natural n > 2. 

Remark 2.1. In the case of F G £e, the set of semi-norms {|| ■ ||a'*|« G fi, s > 0} 
generates the topology of the space E. It follows from the definition of equicontinuity In 
the same way if Fi, F2, . . . , F„ G £e, then the set of semi- norms {|| ■ ||^1'*i;^2,s2;...;F„,s„|q, ^ 
Q, Si, S2, . . . , Sn > 0} generates the topology of the space E. 

Definition 2.13. For any function F : [0, 00) ^-^ -^(E) let Ep be the set consisting of 
all f E E such that there exists a sequence {fs}s>o that there exist the limits lim fh = f 

and\imh-\F{h)-F{0))fh. 

Definition 2.14. By the (strong) many-valued effective derivative at the point of a 
function F : [0, 00) ^— > C(E) we mean the linear map F^gr(O) : Ef ^— > 2^ such that for 
any / G Ep F^gj(O)/ consists of all g E Fi for which there exists a sequence {fs}s>o such 
that there exist the limits lim fh = f and lim h~^(F{h) — F{0))fh = g. 
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Definition 2.15. We say that F^gj(O) is single-valued if FJ^e/(0)/ consists of one 
element for each f G Ep. 

Definition 2.16. Let F be a function from [0, cxd) to C(E) and F^gj(O) be single- 
valued. We call the (strong) effective derivative at the point of the function F the 
linear map Fg^(O) : Ef ^ E such that for any / G Ef F'^j-{0)f G F'^^f{0)f. So, we say 
that there exists Fgj(O) if F^gj(O) is single-valued. 

Definition 2.17. We call the (strong) derivative at the point of a function F : 
[0, oo) ^ C(E) the linear map F'(0) : r'(F'(0)) ^^ E defined by the equality F'(0)?/^ = 
limh~^{F{h)ip-F{0)^), ^ G V{F'{0)), where r'(F'(0)) is the space of all ^ e E for 

which the above limit exists. 

Definition 2.18. A function T : [0, oo) — > C(E) is called a ICo-semigroup if the 
following conditions hold: 

1) T(0) = I, T(/ + m) = T(/)T(m) for each I, m e [0, cx)). 

2) The function T is continuous. 
3)Te Ee. 

Definition 2.19. A linear operator Z is called the generator of the IC^-semigroup T 
if Z is the (strong) derivative at the point of the function T. 

It is well-known fact that there exists one-to-one correspondence between ICq- 
semigroups and its generators. 

Definition 2.20. A set V is called a core of a generator Z of the ICo-semigroup T 
if the closure of the subset {{x, Zx)\x G V} of E x E coincides with the graph of the 
generator Z. 

Definition 2.21. The set 3^e Is the set of all functions F : [0, oo) i-^ 'C(E) such that 
F G £e and V{F'^^f{0)) is dense in E. 

Definition 2.22. The set Z-e is the set of all densely defined linear operators Z in E 
for which there exist F e S'e such that V{Z) C V(F'^^f{0)) and Z/ G F'^^f{0)f for each 
/GP(Z). 

We show in Theorem 13.11 that the set Z^ consists of closable operators. Moreover, if 
E is a Hilbert space, then, by Proposition 13.41 the set of all dense defined dissipative 
operators is contained in Z^- 

In the article we assume that X is a Hausdorff locally convex space on the field T G 
{M, C}) with the topology generated by semi-norms || ■ ||q, a E Q, and B is either a 
separable reflexive Banach space or Hilbert space. 

Remark 2.2. The Hausdorff condition on X is imposed for simplicity. Actually this 
condition is not essential because instead of X we can consider its appropriate factor 
space. 

3. Existence of effective derivative Sgj(O) for S g ff'x- 
Lemma 3.1. Let F G J'x- Then there exists 

lim {F%t/k) -l)g = 0,i, keN, t> 0, 

for any (? G X. 
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Remark 3.1. The limit in Leninia \3.1\ is considered as a limit w. r. t. the filter base 
consisting of the sets of the form {{i, k,t)\t^ < e, i, A; G N, t > 0}, where e > 0. 

Proof of Lemma [X7l Fix cq > 0. li g & V(F'^^jr{0)), then there exists a sequence 
{9s}s>o such that there exist the hmits hm^f^ = g, lims~^{F{s) — F{0))gs- Put 

h = hnis~^(F(s) — F{0))gs. Then for any a G f2 and e G (0, eo) the following chain 
of the inequalities is satisfied: 

k 

+ mni) - 1){9 - 9t/k)L < zi||i!iii^i(^^^||^- 

k 

+ ||(F(^) - I){g - gt/k)\\a < 2e\\h\\l^-^ + 2\\g - g,/4l'^'> 

for ti/k < e. Therefore, we have lim (F*(|) — \)g = 0. 

If g ^ V{F'^^f{0)), then for any e G (0, eo) and a G fi there exists g' G V{F'^^j{0)) 
such that \\g — g'\\a'^" < £^/2 and 

lim sup ||(F'(f) - l)g\U < lim sup ||(F(f) - l){g - g')\U 

ti/k^O ti/k-^0 

+ \imsnp\\{F\j:) -l)g'\\^ < e. 

Since e and a are arbitrary the Lemma is proved. D 

Lemma 3.2. Let F G 9^x and s > 0. Then for any (7 G X there exists 

lim(F(t/A;)-F'(t/A;))^ = 0, 

where the filter base ^s consists of the sets of the form {{i,l,k,t)\0 < \t^\ < e, t| < 

s, tj: < s, i, k, I eN,t > 0}, where e > 0. 

Proof of Lemma \3.iA Fix s > and a (zVt. By Lemma [3.11 

limsup||(P(t/fc)-F'(t/A;))(7|U 

<\,m\\{F\^-\t/k)-\)grf= hm ||(F(tA)- 1)^11^'^ = 

i?s ti/k^O 

U 

Lemma 3.3. Let F G 9^x and s > be fixed. Then for any sequence {gs]s>Qi gs ^ X, 
such that there exist the limits limb's = g and lims^^(F(s) — F(f]))gs = h, g, /i G X, we 

have 

where the filter base '^s consists of the sets of the form {{i,l,k,t)\0 < \t^\ < e, t^ < 
s, tj < s, i, k, I eN, t > 0}, where e > 0. 



CHERNOFF AND TROTTER-KATO THEOREMS FOR LOCALLY CONVEX SPACES. 



Proof of Lemma \3. 31 Fix s > 0. For any a ^ Vt choose cti, a2,...,an ^ ^ and 
/^i, /32, •••,/3n > such that llxll^'** < /5i||x||a^ +/52||a^lU2 + ■ ■ ■ + /3n||a;||a„, for each x G X. 
Then we have the following chain of the inequalities: 



(F'(|)-F'(|))g,/, 



(Fl'-'l(|)-I)gt/fc 



"M^ 



h 



|F,s 



•* "-Ha 

(F(|)gt/fc-gi/fc) 



^F(|)'-i+-+I 



lim sup 

< lim sup 

< lim sup 

< lim sup 

ii/fc->0 

+ lim sup 

< limsupEr=iA||^^^^^^f^^ 
+ lim sup II ( 

ti/k^O 



/'"pmin(iJ) / t_ 



'F(|)'-i+-+I 



)C- 



)h-h 



k 

|F,S 
la 



h) 



|F,s 



/l 



|F,s 



(F(|)»-i-I)+- + (I-I)x, i|F,s 



!)A| 



0, 



where the last limit is equal to by Lemma 13. 1[ D 

Proposition 3.1. Assume that F G 9^x, t > and {rifcjfcli is a strictly increasing 
sequence of natural numbers. Then for any separable closed linear space $ C X and G X* 
there exists a subsequence {gk}kLi of the sequence {nfcjfcli such that there exists 

(3.1) lim({F(^)}[^^^l^,0) 



fc— >oo 



'9fc' 



for any (? G $ and s > 0. Furthermore, if such subsequence {gk}kLi is chosen, then the 
family of the functions T^ : $ x {0} h-i> T, s > 0, defined by 



(3.2) 



T,(^, 0)= lim({F(^)}[^'=f]^,0) 



fc— >oo 



9k' 



satisfies the following conditions: 

a) Ts{g,(f)) is linear w. r. t. g; 

b) Ts{g,(j)) is continuous w. r. t. s for any (? G $; 

c) If / G $ n V{F'^^j{0)) and /i G $ n F;^^^(0)/, then there exists 



(T,(/,0)):=T,(/i,0) 



for each s > 0. 



Proof of Proposition \3. 1\ Choose a subsequence {gk]'k=i ^^ ^^^ sequence {n^j^i such 
that for any nonnegative rational r there exists 

lim({F(f)}[^^^^l^,0), geC, 



fc— >oo 



'9fc' 



where C is a dense countable subset of $. Indeed, it is possible to find such subsequence 
because the family Bf is equicontinuous for each s > and we have a countable number 
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of conditions imposed on sequence {gk}'kLi- Hence, it follows from the density of C in $ 
that there exists 

lim({F(^)}[^'='-]^,0) 

for any g E ^ and r G [0, cxo) fi Q. Let us show that the last limit exists for any real 
number r > 0. Fix r > and e > 0. Put e = e/3. By Lemma [3.21 we can choose e {g,e) 
such that the inequality 

|((P(tA)-F'(tA))^,0)|<e' 

follows from the inequalities \{i — l)/k\ < e and \t{i + l)/k\ < 2r, where i, I, k E N. 
Choose positive s G Q such that |r — s| < e /2. There exists /cq G N such that 2/gkQ < 
e /2. Thus, it follows that 

\[gnr] - [gnS]\/gn < i\gnr - gnS\ + 2) / g^ < € 

for each natural n > k^. Now it follows from the existence of the limit 

lim{(F(^)}[^'=^l^,0) 

that we can find tiq > ko such that for any natural l,m > uq we have the following 
inequality 

|(({F(t/^0}^''^^ - {F(t/^™)}[^-^])(?,0)| < e/3. 

Therefore, we get the following chain of the inequalities: 

mnt/gi)V"'-^ - {nt/gm)y'-'^)gA)\ < l(({F(t/^z)}[^'^i 

- {Fit/gi)Y^^^^)g,<l>)\ + |(({F(t/^,)}'^'^' " {F(t/^„)}[^'-l)^, 0)| 
+ |(({F(t/<7„)}[^-^l - {Fit/g.^)y^-'-^)g, 0)| < e/3 + e/3 + e/3 < e. 

As a consequence, we see that there exists 

lim({F(^)}[^''^](7,0), s>0, ge^. 

fc— »oo ^^ 

Thus, the first part of Proposition 13.11 is proved. Now let us consider parts (a) - (c) of 
Proposition 13.11 

(a) Part (a) immediately follows from the definition of T^. 

(b) Fix (? G $. It follows from Lemma 13.21 that for any e > there exist vq > 0, ko E N 
such that 

|({F(X)}b.^l^,0) _ ({F(^)}[^41^,0)| <e,ken, 

for any v G [— s, oo) fl (— fo, Vq) and k > /cq. Tending k to infinity, we get the inequality 

\Ts+vig,(l)) -Tsig,(l))\ < e- 
From the arbitrariness of e we easily infer part (6) of Proposition 13.11 
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(c) Assume that / G $ n V{F'^^j{0)) and /i G $ n F^g^(O)/. Let {fs}s>o be a sequence 
such that limfs = f and hnis~^(F(s) — F(0))/s = h. Fix arbitrary s > 0. It follows 
from Lemma [3.31 that for any e > there exist vo > 0, ko eN such that 

gk Sfc 

X (pmin([,,f],[,,^])(X)/,,0)| < e|[^4] - [(7.^]|i, k G N, 

for any v G [— s, oo) fl (— fo, "yo) and fc > /cq- Tending A; to infinity, by the equicontinuity 
of Bp, p > 0, we get the inequality 

From the arbitrariness of e we deduce part (c) of Proposition 13.11 

D 

Proposition 3.2. Assume that F G J'x- Then the function F^gr(O) is single-valued. 

Proof of Proposition \3.B . Fix / G r'(F^gj(0)). Assume that for any i G {0,1} there 
exists the sequence {fs}s>o such that there exist lim/* = / and lims~^(F(s) — I)/* = 
^fj, (/j G X. It is enough to show that go = gi- We will argue by contradiction. Assume 
that go 7^ gi. Then there exists G X* such that (f^o, 4>) ¥" (fi'i; 0)- Let B be the closure 
of the linear span of elements /, go, gi. According to Proposition 13. 1| there exists a 
sequence {^ffclfcLi such that we can define the family of the function T^ : $ x {0} i-^ T, 
■5 > 0, by formula fl3.2p with $ = B. Thus, by part (c) of Proposition 13. 1| we infer that 

(Ts(/,0))l=o = (^0,0) = (^1,0)- 

Hence, we get contradiction with the assumption go 7^ gi- □ 

Corollary 3.1. Assume that F G 3^x- Then there exists the (strong) effective derivative 

n/(o). 

Proposition 3.3. Assume that F G J'x- Then the operator Fg.(O) is closable. 

Proof of Proposition \3.3[ Assume that for any i G {0,1} and G X* there exists the 
sequence {/^'"}fcGN, Z^'" £ ^(Fe/-(0)), such that there exist lim \\fl'"' — f\\a = and 

lim ||Fg-.(0)/^'" — gi\\a = for some fixed /, gi G X. It is enough to show that go = gi- 
We will argue by contradiction. Assume that go ^ gi- Then there exists G X* such 
that (5-0, 0) 7^ {gi, 0)- Put fk = /fc'"-/fc'", k eN, and h = gi-go- Then {h, 0) 7^ 0. Let 
B be the closure of the linear span of elements fi and F^ r(0)/i, where i G N. According 
to Proposition 13.11 there exists a sequence {gk}kLi such that we can define the family of 
the function T^ : $ x {</>} 1-^ T, s > 0, by formula (13.21) with $ = B. Thus, by part (c) 
of Proposition 13. 1| we infer that 

(T,(/„0)): = T,(F^/O)/.,0) 
for any z G N. Therefore, 

(3.3) T,(/„0) - (/,,0) = r%{F:f{0)f^,<P)dt,t G N. 

Jo 
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Putting i — * oo in expression (13.31) . we get the equality 

T,(0, 0) - (0, 0) = / Ts{h, ^)ds = 0, s> 0. 
Jo 

Indeed, it immediately follows from (13.31) and the equicontinuity of the family of the 
function {T;(-,0)| / G [0, s]}. Hence, we get 



(3.4) 



[/ Ti(/i,0)dt); = T,(/i,0) = O, s>0. 
Jo 



Put s = in (13.41) . Consequently, we have 

T,(/i,0) = (/i,0) = O. 
Thus, we get contradiction with the assumption Qo ^ Qi- □ 

As a consequence of Proposition 13.31 we get 

Theorem 3.1. Let F G ff'x- Let also a linear operator Z have the domain X'(Z) C 
P(F;/0)) and 

z/ = f;/o)/, / G i?(z). 

Then the operator Z possesses a closure. 

From Theorem 13. II it follows that any operator Z G Zx. is closable. Below we will often 
use the fact that an operator Z G 2x possesses a closure. 

It turns out that if X is a Hilbert space then any dissipative densely defined operator 
is contained in 2x- 

Proposition 3.4. Let IH a Hilbert space. Then Z^ contains all dissipative densely defined 
operators Z in H. 

Proof of Proposition 3^_. See Proposition 4.2 in [12]. D 

4. Uniqueness of solution for the abstract Cauchy problem. 

Lemma 4.1. Suppose that the assumptions of Proposition 13. H are satisfied. Assume also 
that r > 0, /j G V{¥'^f{fd)) n $, Fg/-(0)/i G $ for any i G N. Furthermore, suppose that 

lim 11/. - /ill^'^ = 0, lim||F;/0)/,-^||^'^ = 0. 

2— >0O ^ I— >00 '^ ^ 

Then the inequality 

(T,(/i,0))l = T,(^,0) 
holds for any s G [0, r). 

Proof of Lemma \4.1\ Let Z = Fgj(O). Note that in the equalities 

Tjn{'Z^fi,(j))dm 

_ 

= T,(Z/„0), SG[0, r), 
we have the uniform convergence w.r.t. i G N, because there exists 

lim T^(Z/i,0) = T^(fi',0), s G [0, r). 
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and the family of the functions {T.(Z/j, 0)| i G N} is equicontinuous on [0, /]. Therefore, 
we get 

T^s{9,(l)) = hmlim/"^(T^+i(/i,0) -Ts(/i,0)) 
= hmhm /^^(T^+i(/i,0) -Ts(/i,0)) 

i— >0 i— >oo 

= \iml-\Ts+i{hA) -TsihA)) = {T^s{hA)t s G [0, r). 

D 
Lemma 4.2. Suppose that the assumptions of Proposition 13.11 are satisfied. If / G 



V{F'^f{0)) n $ and F;/0)/ G $, then 



(T.(/,0)), = T,(F^/O)/,0). 



Proof of Lemma \4-S\ Fix r > 0. It follows from / G V{F'^JO)) that there exists 
sequence {fi}Zi^ fi ^ ^(Fe/(0)), such that 

.lim||/.-/||^'^ = 

«— >oo ^ 

and 



.lim||F;/0)/,-F;/0)/||^'^' = 0. 

Let $' be the minimal closed space such that $ and /«, Fgjr(0)/j for all z G N. Then, 
according to Proposition 13. H we can choose a subsequence {mfc}^^ of the sequence 
{gk}'kLi such that the family of the functions T^ : $' x {0} i— >• T, s > 0, is defined by 
the equality 

TK^,0) = lim ({F(t/m,)}["^'=f]^,0), <7 G $'. 

fe— ►oo 



Thus, it follows from Lemma [4.11 (applied with parameters h = f, g = F'^r{0)f) that 
Since the restriction of T^ to the set $ x {</)} coincides with T^ we see that 



(T,(/,0)), = T,(F',/O)/,0), s<r. 

Since r is arbitrary the Lemma is proved. D 

Definition 4.1. Let Z be closable operator in X. A function g : [0, I) \^ X, I > 0, is 
called a local solution of the system 

fit) = Z/(t), ^G [0, 0, 
/(O) = /iGP(Z), 

(on semi-interval [0, I)), if the following conditions are satisfied: 

1) g{s) G P(Z) for any s G_[0, /). 

2) g{0) = h and (gis))'^ = Zg{s), for any s G [0, /). 



12 NEKLYUDOV A. Y. 



Proposition 4.1. Assume that F G ff'x and i, / > 0. Assume that there exists a local 
solution / : [0, /) I— i> X of the system 



(4.1) fis) = F',/0)/(.), . G [0, /), 

(4.2) /(O) = heViF^). 
then the solution is unique and the following equality is valid: 

(4.3) f{s) = w- lim {F(t/n)}["t]/i, g G [0, /). 

Proof of Proposition \4.1\ Let /(s), s G [0, /), be a local solution of system (I4.ip - (I4.2I) . 
Fix G X*. Let B be the minimal closed linear subspace of X such that /(r) G B for 
any r G Q fl [0, /). Hence, /^ G B for any s G [0,/) and, consequently, F'(0)/s G B 
for any s G [0,/). Let us choose a subsequence {gk}'kLi of arbitrary strictly increasing 
natural sequence {nfcj^i such that the family of the functions T^ : $ x {0} i— > T, s > 0, 
is defined by the equality (13. 2p with $ = B. From Lemma [4.21 it follows that 



(T,(/(t;),0)); = T,(F'(O)/(t;),0), s, v G [0, /). 
So, by Proposition 13.11 

iTs{f{v-s)A))'s 
= lima~^(T,+„(/(f -a-s),0) - T^(/(f - s), 0)) 

a— >0 

lima"^(T,+„((/(i; - a - s) - /(t; - s)), 0)) 



a^O 



+ hm a-i(T,+,(/(t; - s), 0) - T,(/(t; - s), 0)) 



= (-T,(F'(0)/(t; - s), 0))) + Ts{nO)f{v - s), 0) = 0, 

for any v G (0, /), s G (0, f). From this we infer that the function Ts{f{v — s),0) is a 
constant w.r.t. s. Thus, 

T,(^,0) = (/(!;), 0), ve[0,l). 

Now the existence of limit (14.31) follows from the arbitrariness of the sequence {nk}'^^i 
for any fixed G X*. Therefore, / is unique. D 

As a consequence of Proposition 14.11 we get 

Theorem 4.1. Assume that F G 3^x and t > 0. Assume also that a linear operator Z 
has the domain V{Z) C I?(F;^(0)) and 

Zg = F'^fiO)g, g G 2)(Z). 

If there exists a local solution / : [0, /) i-^ X of the system 

f{s) = Z/(.),^G[0, /), 

/(o) = heviz), 

then the solution is unique and the following equality is valid: 

f{s) = w- lim {F(t/n)}["fl/i, s G [0, /). 
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Corollary 4.1. Assume that the conditions of Theorem 14.11 are satisfied. Then the 
equality 

/'(s)=u;-lim{F(t/n)}Klz/(0), 

n— >oo 

holds for any s G [0, /). 



Proof of Corollary 4^.1. Let B be the same as in the proof of Proposition 14. 1[ For any (p G 
X* choose a subsequence {gk\k'=i of arbitrary strictly increasing sequence {nk}^=i, n^ G 
N, such that the family of the functions T^ : $ x {0} t-^ T, s > 0, is defined by the 
equality fl3.2p with $ = B. From Lemma [4.21 and Theorem 14.11 it follows that 

(/'(.), 0) = hm ({F(t/<7,)}[^'^-flZ/(O),0), s G [0, /). 
Since {nfc}^^ is arbitrary for any fixed G X*, the Corollary is proved. D 

Theorem 4.2. Assume that F G 3^x- Assume also that a linear operator Z has the 
domain V{fL) C P(Fgr(0)) and the following equality is valid: 

Zg = F;/0)^, g G 2)(Z). 

Let / : [0, /) 1-^ X be a local solution of the system 

fit) = Z/(t), ^G [0, /), 

/(o) = heviz). 

Then/GCi([0, 0,X). 

Proof of Theorem \4.^ It is sufficient to show that for a G fi, t G [0, /) and e > there 
exists S >0 such that ||/'(t) - /'(s)|U < e for s G [t-6,t + 6]n [0, /). By Lemma ESI 
we can choose ^o > and no G N such that 

||{F(t/n)}["^]Z/(0) - {F(t/n)}K]z/(0)|U < e, n G N, 

for s G [t- 5,t + 6]n [0, /), t G [0, /) and n > uq. Fix s G [t ~ 5, t + 5] n [0, /). By 
Hahn-Banach Theorem, there exists G X* such that \{x, 0)| < ||0(x)||a for all x G X 
and (/'(t) - /'(s),0) = ||/'(t) - /'(s)|U. By Corollary O 

{F(t/n)}["^lZ/(0) - {F(t/n)}["flZ/(0) ^ fit) - fis) 

as ra ^ in the weak topology. Thus, 

hm ({F(t/n)}["T]Z/(0) - {F(t/n)}["f]Z/(0), 0) 

n— >oo 

= {f{t)-f{s)A) = \\f{t)-f{s)L<e. 
By the arbitrariness of s G [t — 6, t + 6]r\ [0, /) the Theorem is proved. D 
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5. Chernoff type formula for local solution of the abstract Cauchy 

PROBLEM. 

Theorem 5.1. Assume that F G 3^x- Assume also that a linear operator Z has the 
domain P(Z) c ViF'^j{0)) and 

Zg = F'^f{0)g, g eV{Z). 

If there exists a local solution / : [0, /) i— > X of the system 

fit) = Z/(t), ^G [0, /), 

/(o) = heviz), 

then F(-)"/i tends to /(t) as n — >^ oo uniformly with respect to t G [0, to] foi' any ^o ^ (0, /). 
Remark 5.1. Closability of the operator Z of Theorem 15. Jl follows from Theorem \3.1[ 

Proof of Theorem \5.1[ Fix arbitrary to ^ (0, /), a G fi and e > 0. It is sufficient to show 
that there exists no G N such that 

sup ||F(ir/^-/(t)|U<e 
te[o,to] 

for any natural number n > riQ. Denote Ci = e/8to, C2 = e/4to and Oj = 
min (e/24io, e/32to) for each i E N. Further, for each z G N choose a set Aj = 
{ylvi,--- , 2/,*} C P(Z) such that 

(5.1) \\ZfC-f) - Zy^ll^'*°^^'*° + ll/(¥) - ^^lla'*°^^'*° < a. 
where /c G [0, i] fl Z. By Theorem 14. 2| we can choose ttio G N such that 

(5.2) i|Z/(r) - Z/(.)||^'*-^'*o + II /(r) - /(.)||^'*-^'*° < c„ 



if |r — s| < to/mo, r, s G [0, to]. By Lemma [3.1 1 we can choose /q > "^o such that from 
t^ < to/^o, '^, <i G N, t > 0, follows the inequality 

(5.3) ll(F(^)^-I)Z/(to4)||^'*°<C2 

for each /c G [0, rrio — 1] fl Z. By inequalities (15. 2p and (15.31) . we get 



(5.4) ||(F(i)^-I)Z/(.)||^'*o<C2 + 2ci, sG[0,to], 

if t^ < to//o; «, (i G N, t > 0. Fix natural zq ^ (4/o? oo). Let natural do > 2^0 such that 

(5.5) l|Z/(r) - Z/(s)||^-*-^'*o + ||/(r) - /(.)||^'*-"'*" < a,„, 

if |r — s| < to/(io, r, s G [0, to]. Then for any natural n > do we can choose a set 
{^n,d G N U {0}|c? G [0, io] n ^} such that /„^o = 0, /n,Jo = ''^ ^'^d 

(5.6) \toln,i/n - toV^ol < ^o/c?o. 
So, we have 

(5.7) < l/iQ - 2/dQ < ln,i - i/io + I/iq + {i - l)Ao - La-i 

(5.8) = /„,i - ln,i-i < lAo + 2/do < 2n/zo, i G [1, ^o] H N. 
By inequalities (15.11) . (15.51) and (15. 6p we get 

(5.9) ||Z/(^) - Z^r ll^'*"^^'*'' + ||/(^) - yT\wf''''' < 2a.o 
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for each i G [1, io] fl N. Therefore, by inequahties fl5.4p and (15.91) . we get 



(5.10) ||(F(t/rf)'"-I)Zt/r||^'*« <C2 + 2ci+4a 



'«0 



for each i e [1, io] n N, if tf < to/^o, m, d e N, t > 0. Choose {vi}s>o, v']. e X, 
i G [0, io] n Z, such that there exist hmu* = y*" and hms~^(F(s) — l)vl = 'Lyf. Choose 

s— »0 s— ►O 

fcj such that from s G [0, ^) follows 



(5.11) \\vl - ynT + \\s-\ns) - r)vl - ZyT\U''''' < «.o- 

Define k = sup ki. Fix arbitrary t G (0, to] and natural n > max (rfo, k). Let it^n = 
ie[o,io]nN 
sup {i + 1). Denote gi = mm {toln,i/n,t) and l'^^ = [ngi/t] for i G [0, it^n] H Z. Then 

we have 

(5.12) l|F(^)"/-/(i)IU 






(5.13) < Y. l|F(^)""''^""V(^.)-F(^)"-''("''+^)/(^m)l|. 

i=0 

(5.14) < Yl l|F(^)'^""^'^"'^""V(^.)-/(^m)ll^'*° 

i=0 

«t,n — 1 

(5.15) < Y Mi^fi9^)-fi9^+im)f/\ 

1=0 

where rrii = l'{n, i + 1) — l'{n, i). For any i G [0, 2j_„) fl Z we see that 

(5.16) mT'f(9i)-f{9^ + im)f/ 

(5.17) < \\nirf{9i) - f{9i) - irn{LJ{g;)]\l:'^ 

(5.18) + ||/((7, + >,)-/(<7,)-^m,Z/(^,)||^'*o 

(5.19) = (A,) + (5,) 

By inequalities (15. lip and (15.91) . we have 



(5.20) 




(A,) = 1 F(i)™7(^.) - f{9^) - irn{Lf{g,) ^•*° 


(5.21) 


< 


\nT%n-vl/n-imiyT\^J° 


(5.22) 


+ 


2kI/„ - /(^.)l ^'^^ + >dZ/(^.) - Zyi" 1^'*° 


(5.23) 


< 




(5.24) 


+ 


2ki/„-yria'*°+2br-/(^.)i^'*" 


(5.25) 


+ 


im,\Zf{g,)-Zyr\V- 


(5.26) 


< 




(5.27) 


+ 


2aig + Aaig + ^mi2aig 
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for any i G [0, it^n) H Z. Note that 

J. mi _ , l'{n,i+l)-l'{n,i) ^ j. (gi+i-gi)n/t+2 
n n — n 

< 9i+i - 9i + ItQJn < to{ln,i+i - ln,i+i)/n + 2to/«o 

< 2to Ao + to/2/o < toAo, « e [0, it^n) n z. 

Here we have used inequahties fl5.7l) - fl5.8p . So, by inequahties (15.101) and (15.1 II) . we have 

(5.28) mT%n-vl,n-irn{lyTf/^ 

(5.29) < ^11^. ^"^^^":^';+-+^^ ^ (F(i) - \)vl/^ - m^y-\^^ 

(5.30) < im^W ^"^"^T^'"'"'^ l((F(^) - ^)<ln - ZyDIl"'^" 

(5.31) + ^m.ii( ^^^^^"';^^-^^^ -i)z,rii^--° 

(5.32) < im,||f(F(i)-I)t;,V„-Z|/r||^'*°^^'*° 

(5.33) + >.ii( ^^^"^T"-"' -i)z^rii^'-° 

(5.34) < ^m,a,o + ^mi(c2 + 2ci + 4aiJ, i G [0, it,„) n Z. 
Combining inequahties ^M)-^M) and fl5:28|) - fl5:34D . we get 

(5.35) [Ai] < Qai^ + ^m,(c2 + 2ci + Ta^J, i G [0, ii,„) n Z. 
By inequahty (15.51) . we have 

(5.36) (5,) = ||/(^, + '-m,) - fig,) - ^m,Zfig,)f/'> 



t 

:ini 



(5.37) < 11/ Zf{g, + s)ds-^m,Zf{g,)fJ^ 

Jo 

t 

(5.38) < II / Zifig, + s)- figi)) dsf/'^ < '-m,a,,,% G [0, it^n) H Z. 

Therefore, by inequahties (15.351) and (I5.36I) - (I5.38I) we infer that 

(5.39) (A,) + [Bi) = 6a,„ + ^mi(c2 + 2ci + 8aJ, i G [0, it,n) n Z. 
Thus, by inequahties fl5:T2D - fl5J[5D and fl5J6|) - fl5:T9|) . we get 

«t,n — 1 

(5.40) m^Th - /(t)|U < 5Z 6a,„ + ^m,(c2 + 2ci + Sa^,) 

i=0 

(5.41) < 6zoaio+^o(c2 + 2ci + 8a,J <e 

for n > Uq = max (c/q, k). By the arbitrariness e > 0, a G i7 and to G (0, /) the Theorem 
is proved. D 

Corollary 5.1. Assume that F G ff'x- Assume also that a linear operator Z has the 
domain V{Z) C r'(F;^^(0)) and 

Zg = F;/0)^, ^ G I)(Z). 
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If there exists a local solution / : [0, /) i-^ X of the system 

fit) = Z/(t), ^G [0, /), 

/(o) = heviz), 

then F (-)[''"/*]/;, tends to f{s) as n ^ oo uniformly with respect to s G [0, to] foi" sny 

toe (0,1). 



Proof of Corollary 15. Jl Note that 

+ (f(t[sn/t]M-fis)) = iA) + iB) 



From Theorem 15.11 it follows that (A) tends to as ra ^ oo uniformly with respect 
to s G [0, to] for each to G (0, /). From Theorem 14.21 we infer that {B) tends to as 
n —>■ oo uniformly with respect to s G [0, to] for each to G (0, /). From this we get the 
Corollary. D 

Theorem 5.2. Assume that F G J'x- Assume also that a linear operator Z has the 
domain V{Z) c V{F'^j{0)) and 

Zg = F'^f{0)g, g G V{Z). 

If there exists a local solution / : [0, /) i-^ X of the system 

fit) = Z/(t), ^G [0, /), 

/(o) = heviz), 

then F(-)"Z/i tends to Z/(t) as n ^ oo uniformly with respect to t G [0, to] for any 

toe (0,0. 

Proof of Theorem \5.B. For arbitrary to G (0, /) fix 5 > such that t^ + 5 < I. From 
Theorem 15.11 it follows that 

(5.42) mrUi^) - h)/m ^ (/(t + m) - f{t))/m 

as n ^ cxD uniformly with respect to t G [0, to] for any m G (0, 5\. Note that 
lim {f{m) — h)/m = Zh and the family of the operators {F(-)"| n & N,t & [0, to]} 

is equicontinuous. From this it follows that there exists 

limF(i)"Z/i = Z/(t) 

n^oo 

for each t G [0, to] and the limit in expression fl5.42p is uniform with respect to m G (0, 6]. 
Thus, we infer that 

lim F(^)"Z/i = Z/(t) 

n— >oo " 

is uniform with respect to t G [0, to]. By the arbitrariness of to G (0, /), the Theorem is 
proved. D 

Corollary 5.2. Assume that F G 9^x- Assume also that a linear operator Z has the 
domain P(Z) c V{F'^j{0)) and 

Zg = F'^f{0)g, g eV{Z). 
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If there exists a local solution / : [0, /) i-^ X of the system 

fit) = Z/(t), ^G [0, /), 
/(O) = /iGP(Z), 
then F(-)['^"/*]Z/i tends to Z/(s) as n ^ oo uniformly with respect to s G [0, to] fof s^y 

toe (0,1). 

Proof of Corollary \5.iA Note that 

F(i)[-A]z/^-Z/(.) = {Y{^^^f-mh-Zf{t[sn/t]/n)) 

+ (Zf{t[sn/t\/n)-Zf{s)) = (A„) + (5„,) 

From Theorem 15.21 we infer that {An) tends to as n ^ oo uniformly with respect to 
s G [0, to] for each to G (0, /). From Theorem 14. 21 it follows that (-B„) tends to as n — > oo 
uniformly with respect to s G [0, to] for each to G (0, /). D 

6. Chernoff, Lie-Trotter and Trotter-Kato theorems for sequentially 

complete locally convex spaces. 

The following theorem is the extension of Chernoff theorem [3] . 

Theorem 6.1. Let Z be a generator of the /Co-semigroup in sequentially complete locally 
convex space X and X) be a core of the generator Z. Assume that there exists a function 
F G ff'x such that 

F'e/(0)/ = Z/ 

for each / G D. Then F{t/n)'^f converges to exp (tZ)/ as n ^ oo for all / G X uniformly 
with respect to t G [0, to] for any to > 0. 



Proof of Theorem \6.1[ From Theorem 15.11 it follows that for each / G 2) F(t/n)'^f tends 
to exp(tZ)/ as ra ^ oo uniformly with respect to t G [0, to] for any to > 0. From 
equicontinuity of the set of the functions {F(^)"|?t, E N, t E [0, to]} we deduce that 
F{t/n)"'f tends to exp(tZ)/ as n — > cxd for each / G X uniformly with respect to 
t G [0, to] for any to > 0. D 

The following theorem can be considered as a extension of Trotter-Kato theorem for 
/Co-semigroups in sequentially complete locally convex spaces. It states the equivalence 
between convergences of /Co-semigroups and their generators. 

Theorem 6.2. For any s > let Z^ be a generator of the /Co-semigroup in sequentially 
complete locally convex space X. Let also the set 

Ai„ = {exp(/Z,)|/G[0, /o], s>0} 

be equicontinuous for any Zq > 0. Let T) consist of all / G X'(Zo) for which there exists a 
sequence {fs}s>o, fs e V^Zs), such that 

lim/s = / 

s— >0 



and 

Then the following conditions are equivalent 



limZJ, = Zo/. 

S—^0 
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i) exp (IT^s)/ converges to exp (/Zq)/ as s — i> uniformly with respect to / G [0, to] foi' sny 

to > and / G X. 

ii) D is a core of the generator Zq. 

Proof of Theorem \6.B. Put Ts(/) = exp(/Zs). For any a G f2 and d > define the 
function || ■ ||^'' : X ^ M by the equality 

||a;||^'* = sup ||fl'(a;)||c„ x G X. 

Firstly, let us show implication (^). It is easy to show that the set of elements of the 
type 

'\s{l)fdl, 

Si, S2 > 0, / G X, is a core of Z^ for each s > 0. Particularly, it follows from Theorem 18. 1[ 
Note that for any element of the type 

'''To(/)/rf/, 

Si, S2 > 0, / G X, the following conditions are satisfied: 

l'S2 fS2 

dl 



]im rT.,{l)fdl= rTo(/)/, 



and 



(6.1) limZ, /"'T,(/)/rf/ = lim(T,(s2)/-T,(si)/) 



(6.2) = (To(s2) - To(si))/ = Zo / To(/)/ dl 



S2 



Therefore, 



''To(/)/rf/G2) 



and we get implication (^). 

Now let us show implication (<^). We will argue by contradiction. Assume that impli- 
cation (<^) is not true. Then there exist ao G f2, to, 5 > 0, (7 G X, decreasing sequence 
{sfcjfceN, Sk > 0, such that lim Sk = and 

(6.3) liminf sup \\Ts^{s)g - To{s)g\\a,^ > 5. 

Firstly, let us show that 

(6.4) limsup||exp(/Z5j/ -/||„ = 

^-*o fceN 

for each / G X and a G f2. Fix a G fi and e > 0. If / G D,then we can choose a sequence 
{fs}s>o, fs e V{Zs), such that 

lim Zsfs = Zo/. 

s— >0 
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So, we have 

(6.5) ||T,,(/)/ - /lU < ||T,,(/)/,, - /,JU + 11/ - /,JU 

(6.6) + \\Ts,{l)fs, - T.,(/)/|U < II I T,,(r)Z, J,, dr\\^ 

(6.7) + 11/ -/sJU + ||T., (/)/., -T,,(/)/|U 

(6.8) < /||Z,J,J|^'+2||/-/,J|^' 

Choose ko &N such that 

l|Z,J,,-Zo/o||^<e 

and 

\\f - f W^i < 1 

\\J ^Sfc Ha ^ 4 

for any natural k < k^. Denote 

m = sup (||Z, J,J|^' + ||Zo/o||^0 + 6, A; G M, 

k<ko 

and put ^0=2^. Then, by inequahties fl6.5p - fl6.8l) . we deduce that 

||T.,(/)/-/|U<e 

for any / G [0, /q]. By the arbitrariness e we get inequahty fl6.4p for each / G 2). Therefore, 
exp {lZs^)f converges to / as / — > uniformly with respect to A; G N for each / G D. By 
the density of D in X we easily infer that the latter fact and equality fl6.4p are true for 
each / G X. Therefore, we can choose h > such that 

(6.9) sup II exp {IZsJg — g\\ao° < S/3 

ken 

for each / G [0, li]. Fix arbitrary t G (0, to]. Define the function a : [0, oo) ^ M by the 

following conditions: 

i) a{s) = Si, s E [t, oo). 

ii) a(s) = Sfc+i, s G [^, I), keN. 

iii) a(0) = 0. 

Further, define the function F : [0, oo) -^ jCpCj by the equality 

F(s)/ = T.(,)(s)/, s>0, fex. 

It is evidently that F G J'x. Now let us show that F G J'x and 

F'e/(0)/ = Z/ 

for each / G D. Fix arbitrary / G D. Then there exists a sequence {fs}s>o, fs ^ "^(Zs), 
such that lim fs = f and 

lim Zs/s = Zo/. 

s— >0 
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Note that 

lim||s-i(F(s) -!)/.(,) -Zo/IU 
= lim ||s~^(T<,(,)(s) - !)/„(,) - Zo/IU 

^^'^ Jo 

+ 'Z'a{s)fa{s) — Zo/IU 



= lim||s ^ / (T^(s)(0 -I)Z<t(s)/<t(s)C?/|U 
^-^'^ Jo 

+ lim \\'Za{s)fa{s) - Zo/lla 

= lim I|S"^ / (Ta(.)(0 - l){Z^{s)fa{s) - Zo/) dl\\a 

^^0 Jo 

+ lim||s-i / (T.(,)(/)-I)Zo/rf/|U 
*^o Jo 

= lim2||Z.(,)^(,)-Zo/||^=0 

s— >U 

Here we have used equahty (16.41) . Thus, F G 3^x and Fgj(O)/ = Z/ for each f E T). 
Therefore, by Theorem 16. ![ we infer that 

hm F{t/nrg = hm T,„(t)(7 = To(t)^ 

n— >oo ?i— >oo 

for arbitrary t G (0, to]. Therefore, by inequahty (16.91) we have 

(6.10) sup II exp {lZo)g — g\\ao° < 6/3 

km 

for each / G [0, li]. Put niQ = [t/h] and define ti = ili for each natural i < mo. Choose 
ko eN such that 

\\TsAti)g-Toiti)g\\a<S/3 

for each natural numbers i < mo and n > k^. Fix arbitrary s G [0, to]. Choose natural 
k < mo such that |s — tfc| < h. Then, by inequalities (16. 9p and (16.101) we infer that 

l|Ts„(s)^ - To(s)^|U < ||T,„(ti)^ - To(ti)^|U 
+ \\^sn{ti)g - Ts„{s)g\\a + ||To(ti)^ - To(s)^|U 
< 6/3 + \\Ts„{\U - s\)g - gC' + ||To(|t, - s\)g - g^' < S 
for each natural n > ko- Then, by arbitrariness s G [0, to], it follows that 

liminf sup \\Ts^is)g -Tois)g\\ao < 5. 

Thus, we get contradiction with the initial assumption. D 

The following theorem is the extension of Lie- Trotter theorem. 
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Theorem 6.3. Let A, B and Z be generators of the /Co-semigroups in sequential- 
ly complete locally convex space X and !D be a core of the generator Z. Suppose that 

V cP(A)nl?(B), 

Z/ = A/ + B/ 

for all / G 2? and the function 

{[0, oo) 9 s -> exp (sA) exp (sB)} G £x- 

Then (exp (-A) exp (-B))"/ tends to exp(tZ)/ as n ^ oo for all / G X uniformly with 
respect to t G [0, to] fof any to > 0. 

Proof of Theorem \6.3{ . Define the function F(-) by the equality 

F(t) = exp (tA) exp (tB), t G [0, oo). 

Then F(0) = I. Moreover, if / G 2), then 

limt-i(F(t)/-/) = lim(exp(At)t-i(exp(Bt)/-/)) 

+ limt-i(exp(At)/-/)=B/ + A/. 

Thus, we can apply Theorem 16.11 D 

In conclusion, let us show that results of pQ , [2] are not applicable to arbitrary equicon- 
tinuous semigroups in sequentially complete locally convex spaces. Indeed, it suffices to 
construct a generator Z of the /Co-semigroups T, such that there doesn't exist A G C, for 
which the image of the operator AI — Z is dense in X. The following example presents 
such generator. 

Example 6.1. Let X = C(C,C) be the local convex space with topology generated 
by semi-norms \\ ■ \\r, r > 0,, defined by the equality 

11/11, = sup |/(x)|, a;GC, 

|x|<r 

for each / G X. Define the multiplication operator Z : X —;► X by the equality Z(/)(x) = 
^f{^)j / ^ X, X G C. Then Z generates ICo-semigroup T, defined by 

T(s)(/)(x) = e'^fix), s>0, feX, xeC. 

Note that for any A G C the closure of the image of the operator AI — Z doesn 't contain 
any / G X for which /(A) 7^ 0. Thus, the image of the operator AI — Z isn't dense in X 
for any A G C 

7. Necessary and sufficient conditions of existence of local solution 

FOR equation X = Ax where a g Zx- 

Lemma 7.1. Let F G 3^x and X be a sequentially complete locally convex space. Assume 
that for some t, / > and subspace $ C X there exists a strictly increasing natural sequence 
{fkJkLi such that there exists the limit 

(7.1) ^- hm {F(^)}[^^f]^, 

for any g E ^ and rational s G [0, /). Then limit (17. ip exists for any g E ^, s E [0, I). 
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Proof of Lemma \77l\ The fact that the sequence {{F(— )}[^'= t^gfj^gN is a Cauchy sequence 
in the topology cr(X, X*) for any 5^ € $ and s G [0, /) follows from the condition F G IFx- 
Thus, by Lemma [X2| sequential completeness of the space X and the condition F G J'x, 
we get the Lemma. D 

Lemma 7.2. Let F G J'x and X be a locally convex space. Assume that for some t, / > 
and separable closed linear subspace $ C X there exists a strictly increasing natural sequence 
{/fe}^i such that there exists the limit 

(7.2) ^- hm {F(^)}[^^f]^, 

for any g E ^ and s G [0, /). Then the family of the operators $« : $ t-^ X, s G [0, /), 
defined by the equality 

(7.3) ^,g = w-\im{F{^)y^''^^g 

satisfies the following conditions: 

a) ^sg is linear with respect to g for each s G [0, /); 

b) ^sg is continuous with respect to s G [0, /) for each (? G $; 



c) If / G $ n V(F'^j{0)), then the sequence {F(^)}[541f;^(0)/, s G [0, /), is a Cauchy 
sequence in the topology cr(X, X*) and there exists 

i^sfAi = lim ({F(^)}[^'=flFyoy/,0), s G [0, /), e X*; 

d) If (/.Gl?(F*'(0)), then 

/•m 

{^mf, 0) - (^p/, 0) = / (^ J, F*'(O)0) ds, m,pe [0, /), 

Jp 

for any / G $; 

e) If 0Gr'(F*'(O)), then 

(vl/J,0): = (vl>J,F*'(O)0) 

for any / G <J>; 

f) Let / G $ n I?(F;/0)), ^sf e 2)(fJ^) for any s G [0, /) and V{¥*'{Q)) be *-dense in 
X*. If there exists 

^- hm {F(^)}[^'=flFyoy/ = q{s) E% s e [0, /), 
where X is the completion of the space X, then the following equality holds 



i^J), = F^/0)vI/ J = qis) 

for any s G [0, /); 

g) Let / G $ n V{F'^j{0)), ^sf e P(F;^(0)) for each s G [0, /) and r'(F*'(0)) be *-dense 

in X*. Then the following equality holds 



i^sf)s = Kfimsf 

for each s G [0, /). 
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Proof of Lemma 7.2 . Part (a) is trivial. Part (b) follows from part (b) of Proposition 13. II 
and LemmaE^l Let us show part (c). Fix arbitrary subsequence {gk}'kLi of the sequence 
{gk}'kLi- By Proposition 13. H choose subsequence {fk}'kLi of the sequence {gk}'kLi such 
that we can define the set of the functions T^ : $' x {0} i-^ T, s > 0, by the inequality 

TsigA) = lim ({F(t//fc)}[^'=fly, 0), y e $', 

k—^oo 



where $' = span{/, Fgr(O)/}. Then, by Lemma [4.21 we infer that 



(T,(/,0)), = T,(F;/O)/,0), s>0. 

Since 

T,(/,0) = (vl/J,0), se[0,l), 



and {g'kJkLi is arbitrary we infer that the subsequence {F{—)}^^''t^F'^j{0)f, s G [0, /), is 
a Cauchy sequence in the topology cr(X, X*) and 

i^sfAi = lim ({F(f )}[^'=flF^/,0), s G [0, 0, e X*. 



A;— >oo 



Let us show part (d). Assume that G X'(F*'(0)). Fix e > and m, / G T such that 
m > / > 0. Choose tq, jo such that 

(7.4) ((F(^)[^'=fl-F(^)[^^-^V,F*'(O)0)<e, k > jo, \g - h\ < r^, 

(7.5) g,he[0,l). 

The existence of such tq, Jo follows from Lemma [3. 2[ Hence, we have 

(7.6) |vI/,(/,F*'(O)0)-vl/,(/,F*'(O)0)| <e, 
if \g — h\ < vq, g,h E [0, /). Therefore, we get 

\J2'^i+Hm-i)/voif,F*'{0)mm-l)/vo) 

/m 
^,(/,F*'(O)0)ds|<e|m-/|, 

Vq = [(m — /)/ro] + 1. Choose ji > Jq such that 

\%^.im-iy.M,F*'m) - (F(^)[^^('+'^(-')/'^°)/V,F*'(O)0)| < 6 
for any i; G {0, 1, . . . , Vq}, k > ji. Thus, 



(7.8) \{{m-l)/vo) Y. (F(^)[^'=('+''("^-')/-)/V,F*'(O)0) 

(7.9) - 5^v[/,+,(„_oAo(/,F*'(O)0)((^-OM)| <e|m-/|. 



1^=0 
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Note that 



7.10) v[/„(/,0)-M/K/,0) 

7.11) = lim(F(^)[^'=^V-F(^)'^'''V,0) 

[Sfef]-1 

7-13) = £»(i E F(i)7.t(F-(i)-i)« 

T.14) = lim(i $: F(i)7,t(F*(^)-I)0-F-(O)0) 

*=[9fcf] 
[3fcf]-l 

^■15) + £n(i E F(i)'/.F-'(0)^) 

i=[9k{] 
[9kf]-l 

^■16) = £n(i E F(i)7.F-'(0)^) 

7.17) = lim^f;(F(^)[^'=('+^(i»/V,FnO)0) 

7.18) = limY: E i(F(i)^'^^'^^^^^^^V,F*'(O)0), 



where dfc = [(^ — ^] ^^^ 



Bfc,„,„o = {s G N| v{m - l)/vo <sj^<{v + l)(m - l)/vo}. 
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So, by inequality (17.61) and inequalities (I7.10p — fl7.18p . we get 

(7.19) I ^ (F(X)fe^('+'^^)Al/,F*'(0)</))(^) 

(7.20) + vl>,(/,0)-vl>^(/,0)| 

(7.21) = l^lim^ Y. iiFiff''^''"^^^^^'y,F*'m) 

v=0 sgBfe^„_„Q 

DO-1 

(7.22) - ((m - l)/vo) Y^ (F(^)l^^('+^(--')/-)/V,F*'(O)0)| 



D = 



1-0-1 _ i 



(7.23) < J^l^lim Y ^(F(i)''^'^^^^"'V,F-(O)0) 

(7.24) - (^(F(^)[3^('+^(™-')/''«)/*]/,F*'(O)0)| <et;o^. 
Combining inequalities ([77D, (USD — UM and (I7:T9D — ([721D, we infer that 

/m 
vi/,(/,F*'(O)0)rfs|<3e|m-/| 

So, part ((i) of Lemma 17.21 follows from the arbitrariness of e. Part (e) is a direct 
consequence of parts (6) and (d). Let us prove part (/). Firstly, let us verify the equality 
q{s) = F'g^(O)^^/, s E [0, /). Note that for h E 'D(F[j{0)) there exists a sequence 
{hs}sG[o,oo) such that lim/ig = h and 



s^O 



lim.-i(F(s)-I)/i, = F;/0)/i. 
Therefore, we get 
(7.25) (KMK g) = lim {s-\Fis) - I)/i„ g) 



s-^O 



(7.26) = hm {K, s-\F*{s) - l)g) = (h, F*'(0)^) 

s— >0 



for each g E V{F*'{0)). Fix arbitrary w E P(F;^(0)) and g E V(F*'{0)). Choose the 
sequence {wfcjfcLi, Wfe G V(F'^j:{0)), such that there exist 

lim {wk,u) = {w,u), 



fc— >oo 



lim {F'^f{0)wk,u) = {F'{0)w,u) 
for any u E {g, F*'(0)5f}. Then, by equalities fl7:25|) - (17:261) . we get 



fc— >oo 



(F',/0)^,^)= lim(F;/0)^, 
So, we infer that 



lim(z/;fc,F*'(0)(7) = («;,F*'(0)(7). 

fc— »oo 



{F'^f{f))w,g) = {w,F*'{Q)g) 
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for any w G V{F'^r{0)) and g G V(F*'{0)). Therefore, by parts (c) and (e) we get 

i^J, 0)1 = £rn ({F(^)}[^'=f]FyO)/, 0) 



= (F^/O)vl/J,0), s G [0, /), G I)(F*'(0)). 
For arbitrary G X* choose the sequence {0A:}feli, (pk & 'D{F*'{0)), such that there exists 
(7.27) hm (x, 0fc) = (x, 0) 

fc— >oo 

for each x G X. Therefore, we get 



(F;/O)v1/J,0) = hm (F;/O)^J,0,) = hm (g(s),0,) = (g(s),0). 



fc— »oo ■' fc— >oo 

for each G X*. Thus, 



F;/0)vI/J = g(.) = w-\im {F(^)}[^'=flF^/0)/. 



fc— >oo ^'^ ' 



So, by Lemma [321 we deduce that the function g(-) is continuous in X. Hence, we have 

(7.28) i^mf - ^p/, 0) = (^^/, 0) - (^p/, 0) 

(7.29) = / {q{s), (p)ds={ g(s) ds, (J)), m, p e [0, /), 

J p J p 

for any G X*, where 

/ q{s) ds G X. 
Jp 

By the arbitrariness of 0, we get the equahty 

I'm 

^mf -'^pf = I q{s) ds, m, pe [0, /). 
Jp 

Thus, by continuity of the function g(-), we infer that 



i^sf)s = qi-s) = F^/0)vl/J 
for any s G [0, /). Let us show part (g). Note that it follows from part (c) that the se- 
quence {F(— )^^'°"Tgj(0)/}jtgN, s G [0, /), is a Cauchy sequence in the topology cr(X, X*). 
It suffices to prove that there exists 

w-\im {F(^)}[^'=?]F',/0)/ = q{s) G X, 

fc— >oo '^'^ 

where X is the completion of X. Indeed, we can easily deduce part (g) from the lat- 
ter fact and part (f). Below we will figure that the set {|| ■ \\a\o: G Q} consists of 
all continuous semi-norm of the space X. Let us show the fact that if a sequence 
{xfcjfcgN is a Cauchy sequence in the topology cr(X,X*) and for each a E Q there 
exists {yfcjfcGN such that there exists w-lim„^oo2/n and limsup^^^^ ||x„ — y„||cj < 1, 
then there exists w-\im.n^ooXn G X. Define B = {Bala G fl}, where B^ = {y E 
X|3{|/fc}fceN such that limsup^^^^ ||a;„ - y„||„ < 1 and y = w-lim„^ool/n}. Then S is a 
filter base. Indeed, B is not empty, doesn't contain empty set and for each ai,a2 G Q 
there exists a^ E fl such that B^g C B^^ fl Bq,2, where a^ can be defined by the equality 
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II ■ I Us = II ■ lUi + II ■ 1 1 02- Moreover, i3 is a Cauchy filter by construction. Thus, there 
exists g G X, which the filter B converges to. Hence, we easily deduce that there exists 
w- lini„^oo Xn = Q- Now it suffices to prove that for each a ^ Q there exists a sequence 
{yk}kem such that there exist w- lim^^oo 2/n and 

(7.30) limsup ||{F(^)}[^^flF^/0)/ - y„lU < 1- 

n— »oo 

Fix arbitrary a E Q. Let {fs}s>o be a sequence such that lim/s = / and 
lims~^(F(s) — F(0))/s = Fgr(O)/. By Lemma 1331 we infer that there exist vq > 0, 

s— >0 ■' 

ko E N such that 

Qk Qk 

X f[^4](X)f;^(0)/|U < \[g4] - [9k^]\i, k E N, 

for any v G [0, 2vq) and k > k^. Therefore, the sequence {yk\kefi defined by the inequal- 
ities 

yk = 0, k< ko, 

holds inequality (17.301) and there exists w-lim„^ool/n = {"^s+v — '^s)/v. By the arbitrari- 
ness of a G fi we get part (g) . D 

Theorem 7.1. Let Z G Z^ and t > 0. Assume that the function F G 9^x satisfies the 
following conditions: 

i) P(F;/0)) D V{Z) and F',/0)(7 = Z^, ^ G 25(Z); 

ii) P(F*'(0)) is *-dense in X*. 

Then the local solution / : [0, /) i-^ X, / > 0, of the system 

fiv) = Zf{v),ve[QJ) 
/(O) = heviz), 

exists on the semi-interval [0, /) iff the following conditions are satisfied: 

a) It is possible to choose a weakly convergent sub-subsequence for any subsequence of the 
sequence {F["^/*](^)/i}„,gN, for any s G [0, /); 

b) For any s G [0, /) there exists a sequence {fn}^=i< fn ^ ^(Z), such that there exists 

w- lim (F[""/*l(^)/i-/^) = 

and it is possible to choose a weakly convergent sub-subsequence for any subsequence of the 

sequence {Z/^}„eN- 

Moreover, if conditions (a)-(b) are satisfied, then 

f{v) = lim {F(t;/n)}"/i, v G [0, /). 

n— >oo 

Proof of Theorem \ 7. 1\ (^) It follows from Corollaries 15.11 I5l2] and /(f) G T>{Z) for any 
V G [0, /) (the last property is true because the weak closure of Z coincides with the 
closure in the strong topology). 
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(<^) Let {sk}'^=i be a sequence of all nonnegative rational numbers contained in [0, /). 
Fix a strictly increasing sequence {ni}°l^, of natural numbers. Choose a subsequence 
{n}}°^'^ of the sequence {ni}°Zi such that there exists the limit w- lim F^"'i^'^^^^(t/n})h. 

Further, choose a subsequence {nf} of the sequence {n}} such that there exists the 
limit w- lim F["'»*2/*](t/n?)/i. In the same way, for any natural A; > 3, we choose 

i— >oo 

the subsequence {n^}°Zi of the subsequence {n^~^}^^ such that there exists the lim- 
it w- lim Ff"''*'=/*l(t/n^)/i. Note that for diagonal sequence {nlJfZi there exists the 

limit w- lim F["**'=/*l(t/?T,*)/i for each k E N. Thus, by Lemma 13. 2[ we infer that 

i— ►oo 

|F["-»«/*l(t/n-)/i}j^;^ is a Cauchy sequence in the topology cr(X, X*) for any s G [0, /). 
Therefore, by condition (a), there exists 

for any s G [0, /). Denote di = n\, i G N, and 

T,^ = w- lim F['^»"/*](t/di)^, g G span ({/i}), s G [0, /). 

Fix arbitrary m G [0, /). Choose a subsequence {d'f?^k(m of the sequence {(ifcjfcgN such 
that there exists the limit w- lim Z/^. Thus, there exist w- lim /^, w- lim Z/^ and, 

therefore, from the coincidence of the weak closure of Z with the closure in the strong 
topology it follows that T^/i G 'P(Z) for any m G [0, /). Then, from part (g) of Lemma 1772] 
we infer that 

(T,/i)l = ZT,/i 

for each s G [0, /). Consequently, T^h is the solution of the equation 

f\s) = Zf{s) 

with the initial condition /(O) = h on the semi-interval [0, /). Thus, by Theorem 15.11 we 
have 

/(s) = lim F(s/n)"/i, s G [0, /). 

n— »oo 

D 

Lemma 7.3. Let F G 9^x- Assume that for some t, / > and separable closed linear 
subspace $ C X there exists a strictly increasing natural sequence {gk}'kLi' such that there 
exists the limit 

(7.31) hm {FifjY^^^^g 

for any g E ^ and s E [0, /). Then the family of the operators \l/s : $ i— i> X, s G [0, /), 
defined by the equality 

vl/,^= lim{F(^)}[5'=fl^, 



satisfies the following condition: if / G <l>nr'(F'^^(0)) and ^ J G r'(F'^^(0)) for any s G [0, /), 
then 

{^JX = F^^J = u;-^lim {F(^)}[^'=flFyO)/ 
for each s E [0, /). 
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Proof of Lemma 7.3. Fix arbitrary G X* and s G [0, /). Denote 



$' = span{F;/0)vl/J,vl/J,F^/0)/,/,}. 

By Proposition 13.11 we can choose a subsequence {fk}'^=i of the sequence {gk}'kLi such 
that the family of the functions Tj, : $' x {0} h-i> T, f > 0, is defined by the equahty 

T,{g,^) = hm ({F(t//fc)}[^'^-il(7,0), g G $'. 



fc— >oo 

From Lemma 14.21 it follows that 



Let us show that 
Note that 



(T,(v|/J,0)) = (vI/,+,/,0), ve[0,l-s). 

(T.(vl/J,0))= lim({F(^)}[^'=T]M/J,0; 

= ^lim ({F(^)}[^'=t](xI/J- {F(^)}[^^f]/), 
+ lim({F(^)}[^'=T]{F(^)}[/'=fl/,0) 

= hm({F(^)}[/'=?]{F(^)}[^^f]/,0) 



= lim({F(^)}[^'=^l/,0) = ((vi/,+J,, 

K— >00 •"= 

Thus, we have 



{T.i^sf, 0)) = i^s+vf, 0) = (T,+,(/, <P)),vE [0, / - s). 



From this, by part (c) of Proposition 13. 1[ we deduce that 



(vl/,+J,0), = (T.(vl/J,0))^ = T„(F^/O)vl/J,, 

= T,+,(iyoy/,0), se[0,l). 
So, by part (c) of Lemma I7.2[ we get 



(v^J,0), = (F^/O)vi/J,0) 
= lim({F(^)}[^'=f]FyO)/,0), .G[0,0. 

fe— >oo y*- •' 

By the arbitrariness of 0, we have 

KA^^J = w-\im {F(^)}[^'=f]F^/, . G [0, /). 



Therefore, by part (b) of Lemma [7]2], we deduce that the function F'r(0)^gf^ s G [0, /), 
is continuous with respect to s. Thus, we get 



i^^f - M/p/, 0) = i^mf, </>) - i^pf, </>) 
pm pm 

/ iF^^sf,(l))ds=i F^)^sfds,< 
J p J p 

m, pe [0, /), 
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for arbitrary G X*; moreover, 



where X is the completion of the space X. By the arbitrariness of </>, we infer that 

Y^mjds, m, pG[0, /). 



Consequently, by the continuity of the function Y'^AQi)'^ sf with respect to s, we get 



(vi/ J), = Kf{msf 

for each s G [0, /). D 

Theorem 7.2. Let Z be a densely defined linear operator in X and t > 0. Assume that 
there exists the function F G J'x such that V{Y'^j{Q)) D D(Z) and Y'^f{Q)g = 'lg, g e V{Z). 
Then the local solution / : [0, /) i— > X, I > 0, of the system 

f{v) = Zf{v),^ 
/(O) = /iGP(Z), 

exists on the semi-interval [0, /) iff the following conditions are satisfied: 

a) It is possible to choose a convergent sub-subsequence for any subsequence of the sequence 

{F[Wt](i)/,}^^j,, foranysG[0, /); 

b) For any s G [0, /) there exists a sequence {f.^}^^^, f^ G X'(Z), such that there ex- 
ists w- lim (F["''/*](-)/i — /*) = and it is possible to choose a weakly convergent sub- 

subsequence for any subsequence of the sequence {Zf^}nen- 
Moreover, if conditions (a)-(b) are satisfied, then 

f{v) = lim {F(t;/n)}"/i, v G [0, /). 

n— +00 

Proof of Theorem \7.^ {=>) It follows from Theorem 15.11 and /(f) G 'E'(Z) for any v G 
[0, /). 

(■^) Let {sk}'^=i be a sequence of all nonnegative rational numbers contained in [0, /). Fix 
a strictly increasing natural sequence {ni}°l^. Choose a subsequence {nl}°l^ of the se- 
quence {rij}^^ such that there exists the limit lim F^"'i^'^^*^(t/n})h. Further, choose a sub- 

j— >oo 

sequence {nf} of the sequence {nj} such that there exists the limit lim F^"i'^^^^^(t/n'f)h. 

j— >oo 

In the same way, for any natural /c > 3, we choose the subsequence {n^}°li of the 
subsequence {n'l~^}'^^ such that there exists the limit lim F["i**/*l(t/n^)/;,. Note that 

i— >oo 

for diagonal sequence {n*}^^ there exists the limit lim F["i*'=/*](t/n*)/i for each k & N. 

i—*oo 

Thus, by Lemma [3.21 we infer that {F["^'^/*](t/n^)/i}^]^ is a Cauchy sequence in X for any 
s G [0, /). Therefore, by condition (a), there exists 

limF["^^/*](t/n^)/i 
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for any s G [0, /). Denote di = n], i E N, and 

T,^ = lim F^''^'/'\t/d,)g, g G span({/i}), s G [0, /). 

j— ►oo 

Fix arbitrary m G [0, /). Choose a subsequence {d'i^}km of the sequence {dk}km such 
that there exists the hmit w- hm Z/^. Thus, there exist w- hm /^, w- hm Z/^ and, 

therefore, from the coincidence of the weak closure of Z with the closure in the strong 
topology it follows that Tmh G 'P(Z) for any m G [0, I). Then, from Lemma [7.31 we infer 
that 

(T,/i)l = ZTsh 

for each s G [0, /). Consequently, T^/i is the solution of the equation 

f'is) = Zf{s) 

with the initial condition /(O) = h on the semi-interval [0, /). Thus, by Theorem 15.11 we 

get 

/(s) = lim F{s/nyh, s G [0, /). 

n— »oo 

D 

From Theorem 17.21 we get the following consequence. 

Corollary 7.1. Let t > 0. Assume that C and D are generators of the /Co-semigroups 
exp (sC) and exp (sD) in sequentially complete locally convex space X. Assume also, that 
the following conditions are satisfied: 
i) V{C)nV{D) is dense in X; 
ii) {[0, oo) 9 s H-i> exp (sC) exp (sD)} G £x- 
Then the local solution f : [0, I) \-^ X, I > 0, of the system 



f'{v) = {C + B)f{v) 



/(O) = heV{C + B), 

exists on the semi-interval [0, /) iff the following conditions are satisfied: 

a) It is possible to choose a convergent sub-subsequence for any subsequence of the sequence 
{{exp (^C) exp (^D)}M/i}„eN, for any s G [0, l/t); 

b) For any s G [0, l/t) there exists a sequence {fn}^=i< fn ^ X'(C + D), such that there 
exists w- lim {exp (-C) exp (-D)}'"'^!/ — /^) = and it is possible to choose a weakly 



convergent sub-subsequence for any subsequence of the sequence {(C + D)f^}^^^. 
Moreover, if conditions (a)-(b) are satisfied, then 

f{s) = lim {exp (^C) exp (^D)}"/, s G [0, /), 

n—i-oo 

for each / G X. 

Proof of Corollary \7.1\ Put F(s) = exp(sC) exp(sD), s G [0, oo). From 
lims-\F{s)f-FiO)f) 

s— >0 

= lims~^(exp(sC) exp(sD)/ — exp(sC)/) 

+ \ims~\expisC)f - /) = C/ + D/, / G I?(C) n P(D), 
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it follows that V(F'^j{0)) is dense in X. Thus, from condition (ii), we deduce that F G J'x- 
From Theorem 13.11 we infer that the operator C + D possesses a closure. Applying 
Theorem 17.21 for the operator Z = C + D we get the Corollary. D 



8. Criteria for closure of operator to be the generator of the 

/Co-semigroup 

Theorem 8.1. Let X be a complete locally convex space and F G J'x- Assume that a 
linear operator Z has the domain V^Z) C 'D(F'^r{0)) and 

Zg = F'^f{0)g, g G I)(Z). 

Assume also that A C ^(Z) is a dense linear subset of X and there exists a fixed / > such 
that there exists a local solution / : [0, Z) h^ X of the system 

(8.1) f{s) = Zf{s), s G [0, /), 

(8.2) /(O) = /o 

for each /o G A. Then the operator Z possesses a closure and its closure is the generator of 
the /Co-semigroup S. Furthermore, the following equality is satisfied: 

(8.3) S{t)g = lim F(t/n)"^, t > 0, 

n— >oo 

for all g eX. 

Proof of Theorem \8.1[ By Theorem 14. H there exists 

(8.4) w- lim F(t/n)[""/*V, s G [0, /), 

n— >oo 

for each / G A. From the density of A in X and Lemma 17.21 we easily infer that there 
exists limit ([831) for each / G X. Put G(s)/ = w- lim F(t/n) '"'/*'/, s G [0, I), / G X. 
From the uniqueness of the local solution of system 08.ip - (l8.2p we infer that 

(8.5) G(si)G(s2)/ = G(si + S2)/, si, S2, Si + sa G [0, /), 

for each / G A. From this and part (a) of Lemma 17721 it follows that equality 08.51) holds 
for any / G X. Define the function S : [0, 00) ^— > 'C(X) by the equality 

S(s) = {G(//2)}['^/']G(s - [2s//]//2), s > 0. 

Then, from parts (a), (b) of Lemma 1772] and the definition of S we easily deduce that 
the function S is the /Co-semigroup. Furthermore, from part (c) of Lemma [7.21 it follows 
that V{Z) C V(F'^^{0)) C r'(S'(0)) and, by the closedness of S'(0), Z/ = S'(0)/ for each 
/ G V{Z). Let us show that V{Z) = V{S'{0)). Fix g e A. Then 



^^S(fc^)^GP(Z), .G[0,//2], 



fc=i 



F,/ 
a 
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and, by properties of /Co-semigroups, we infer that there exist the hmits 

hmJ]^S(fc^)<7 = / S(t)<7rft, 
fc=i •'^ 

hmZ5^^S(A;^)<7 = / S(t)Z^rft = S(.)<7 - <?, . G [0, //2]. 
Thus, by the closedness of Z, we deduce that ^^ S(t)gdt G I^(Z) and 

Let / G X. Fix a G fi. Choose a sequence {/njj^i, /n G A, such that hm ||/„ — /|| 

■n—*oo 

0. Then we have 

II hm / S{t)Udt- [ S(t)/rft|U = 0, 

II hmZ rS(t)/„rft-(S(s)/-/)|U 
= II hm S(s)/„ - /„, - (S(.)/ - /)|U = 0, s G [0, 1/2]. 

71— >00 

Therefore, by the arbitrariness of a G fi and the closedness of Z, we infer that 

/ S{t)fdteV(Z) 

Jo 
and 

z rsit)fdt=sis)f-f 

Jo 
for s G [0, 1/2]. Note that for / G P(S'(0)) there exist 

hms-^ [ S(t)fdt = f, 
*^o Jo 

hms-^Z / S{t)fdt = hms-^(S(s)/ - /) = S'(0)/. 

So, by the closedness of Z it follows that / G T>{Z). Therefore, Z is the generator of the 
/Co-semigroup S and, by Theorem 16. ![ we get equality (18.31) . D 

Remark 8.1. If A is sequentially dense in X, then the condition that X is a com- 
plete locally convex space in Theorem \8.1\ can be changed to the condition that X is a 
sequentially complete locally convex space. 

Lemma 8.1. Let X be a sequentially complete locally convex space and a function T : 
[0, oo) -^ £(X) is a /Cg-semigroup. Then V(T*'{0)) is *-dense in X*, where T*'(0) is the 
(strong) derivative at the point of the function T*. 
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Proof of Lemma \8.1[ Firstly, consider the case in which X is a complete locally convex 
space. Denote I'((0, oo)) the set of all smooth functions : (0, oo) -^ M with compact 
support supp0 C (0, oo). Let Y consist of all / G X* for which there exist g G X*, 
G 2?((0, cx))) such that 

/= / (l)is)T*is)gds, 







where the integral is in the sense of Pettis with respect to the topology cr(X*, X) ([IS]). 
Note that Y is *-dense in X*. Indeed, we can choose a sequence of non- negative functions 
(/>n, n E N, (pn & ^((0) oo)), such that supp0„ G (0, 1/n] and 



(s) ds = 1. 



Then 0^ tends to 5— function as ra ^ oo. Therefore, for any / G X* and a; G X we see 
that 



lim (x, / 0„(s)T*(s)/(is) = (x, /). 

Now let us show that Y C I?(T*'(0)). Fix ^f G X*, G D((0, oo)) and a bounded set 
A C X. Let supp0 G (0, a), a > 0, and 

/= / (l)is)T*is)gds. 
Jo 

Choose to > such that [0, to] H supp = 0. Then for t G (0, to) we have 

/•oo 

l|T*(t)/-/ + t / (l)'is)T*is)gds\\Ao 
Jo 

/•oo /*oo 

= II / (t){s)T*{s + t)gds~ / (t){s)T*{s)gds 
Jo Jo 

poo poo 

+ / t0'(s)T*(s)^c;s||A° = II / 0(s-t)T*(s)^ds 
Jo Jt 

POO 

>{s)T*{s)gds+ / t0'(s)T*(s)^rfs||A° 
Jo 

" (t0'(s) + 0(s - t) - 0(s))T*(s)(7 ds\\Ao 
t 

" " r i<P'is)-<P'il))dn*is)gds\Uo = {A) 

t J s~t 
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Denote b{s) = sup |0'(/) - 0'(A;)|, l,ke (0, a). Then 

\l-k\<s 

(A) < {to + a)tb{t) sup \\T*{s)g\\A^ 

sG[0, a+to] 

= {to + a)tb{t) sup sup\{x,T*{s)g)\ 
se[o, a+to] xeA 

= (to + a)t6(t) sup sup |(T(s)x, (/)! 

se[0, a+to] xeA 

< (tQ + a)tb(t) sup sup ||T(s)x||g 

se[0, a+to] ^ga 

< (to + aWt)sup||a;||J'"+*« = (5i). 

zeA 

Since the semi- norm || ■ Hj'""^*" is continuous in X we infer that sup ||a;||J'"+*° < cxd and, 

xeA 

therefore, liint~^ Bt = 0. By the arbitrariness of A, we infer that / G I?(T*'(0)). So, 

we've shown the Lemma in the case under consideration. 

Consider the general case in which X is a sequentially complete locally convex space. 
Let X be the completion of the space X and the function T : [0, cx)) -^ -^(X) be defined 
by the condition that T(s) is the continuous extension of T(s) to X for each s G [0, oo). 
Then T is the /Co-semigroup, X* = X* and T* = T*. Now, the Lemma follows from 
previous case. D 

Theorem 8.2. Assume that Z is a densely defined linear operator in a complete locally 
convex space X and t > 0. Assume also that there exists a function F : [0, oo) -^ 'C(X) 
such that: 

i) F G :rx; 

ii) V{F'^f{0)) D V{Z) and F^/O)^ = Zg, ge P(Z); 

iii) V{F*'{0)) is *-dense in X*. 

Then the operator Z possesses a closure and its closure is the generator of the /Co-semigroup 

iff there exists a dense linear subspace A C ©(Z) such that for any / G A and s > there 

exists a sequence {/*}^i, /* G X'(Z), satisfying the following conditions: 

a)w;-lim (F[-/*1(^)/ - /^,) = 0; 

n— >oo 

b) It is possible to choose a weakly convergent sub-subsequence for any subsequence of the 
sequence {Z/^}~=i; 

c) It is possible to choose a weakly convergent sub-subsequence for any subsequence of the 
sequence {/^}^=i. 

Proof of Theorem \8.^ {=>) It follows from Theorem 17. II 
(<^) By Theorem 17.11 there exists the solution of the equation 

f'is) = Zf{s) 

on [0, oo) for any initial condition /(O) = g, where g & A. Thus, by Theorem 18. ![ Z is 
the generator of the /Co-semigroup S and 

S(t)/ = hm F(t/n)"/, / G X. 

D 
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Theorem 8.3. Assume that Z is a densely defined linear operator in a complete locally 
convex space X and t > 0. Then the operator Z possesses a closure and its closure is the 
generator of the /Co-semigroup iff there exists a function F G 9^x such that: 

i) P(F',/0)) D V{Z) and F',/0)(7 = Zg, ge I?(Z); 

ii) r'(F*'(0)) is *-dense in X*; 

iii) There exists a dense linear subspace A C T'(Z) such that for any / G A, s > there 

exists a sequence {f^}^^^, f^ G X'(Z), satisfying the following conditions: 

a)w-hm (F[-/*l(^)/-/^,) = 0; 

n— >oo 

b) It is possible to choose a weakly convergent sub-subsequence for any subsequence of the 
sequence {Zf^jnen, 

c) It is possible to choose a weakly convergent sub-subsequence for any subsequence of the 
sequence {/^}neN- _ 

Furthermore, if conditions (i)-(iii) are satisfied, then exp(tZ)/ = lim F(t/n)"/ for each 

n— +00 

/GX. 

Proof of Theorem \8.^ (^) It follows from Theorems 18.21 and I6.1I 

(<^) It follows from Lemma FS. II and Theorem 18.21 D 

Corollary 8.1. Assume that Z is a densely defined linear operator in a complete locally 
convex space X and t > 0. Then the operator Z possesses a closure and its closure is the 
generator of the /Co-semigroup iff there exists a function F G iFx such that: 
i) P(F;/0)) D I?(Z) and f;/o)(7 = Zg, ge V{Z)- 
ii) V{Y*'{f))) is *-dense in X*; 

iii) It is possible to choose a weakly convergent sub-subsequence for any subsequence of the 
sequence {Fl"*l(^)/}„gN, for any s > and / G X; 

iv) There exists a dense linear subspace A C P(Z) such that for any / G A and s > there 
exists a sequence {/^}J^i, fn ^ ^(Z), such that 

^. lini(F[-](i)/-/^)=0 

and 

^-lim(F[-](i)Z/-Z/^)=0. 



*oo ^" 



Furthermore, if conditions (i)-(iv) are satisfied, then exp(tZ)/ = lim F(t/n)"/ for each 

n— >oo 

/GX 



Proof of Corollary lg.il It follows from Theorem 18.21 D 

Corollary 8.2. Let C and D be generators of the /Co-semigroups exp (sC) and exp (sD) 
in a complete locally convex space X and t > be fixed. Assume that there exists a set 
B C r'((exp(sC)*)'^^o) ^ ^((exp(sD)*)^^o) ^nd the following conditions are satisfied: 
i) V{C)nV{Y)) is dense in X; 
ii) B is *-dense in X*; 

iii) {[0, 00) 9 s I— > exp (sC) exp (sD)} G £x; 

iv) The function g{s,x) = exp (sD*)x, s > 0, x G X, is continuous at the point s = for 
each X G (exp(sC)*)Uo(B). 
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Then the sum of C and D possesses a closure and its closure is the generator of the /Co- 
semigroup iff there exists a dense linear subspace A C X'(C) fl ^(D) such that for any 
/ G A and s > there exists a sequence {/^jj^^, /^ G P(C + D), satisfying the following 
conditions: 

a) w- lim ((exp (^C) exp (^D))M/ _ /^) = O; 

n— >oo 

b) It is possible to choose a weakly convergent sub-subsequence for any subsequence of the 
sequence {/^}^=i; 

c) It is possible to choose a weakly convergent sub-subsequence for any subsequence of the 
sequence {(C + D)/^}- i. 

Furthermore, if conditions (a)-(c) are satisfied, then 



exp {s{C + D))/ = lim {exp (^C) exp (^D)}"/, s > 0, 
for each f E'X.. 

Proof of Corollary \8. Si Put F(s) = exp(sC) exp(sD) for any s G [0, oo). By 
hms-\F{s)f-FiO)f) 

= lim s~"'^(exp(sC) exp(sD)/ — exp(sC)/) 

+ \ims-\expisC)f - f) = Cf + Df, / G I?(C) n P(D), 

s— >0 

and 

\ims-\F*{s)-F{0))f 

= lims-H(exp(sD))*(exp(sC))* - (exp(sD))*}/ 

+ lims-H(exp(sD))7 - /} = lim(exp(/D))*(exp(sC)*)'|,=o/ 

+ (exp(sD)*)'|,=o/ = (exp(sC)*)'|,=o/ + (exp(sD)*)'|,=o/, 

/eB, 

we deduce that V(F'^j{0)) is dense in X and X>(F*'(0)) is *-dense in X*. Thus, by condition 
(iii), we infer that F G ff'x- From Theorem 13.11 it follows that operator C + D possesses 
a closure. Therefore, applying Theorem 18.21 for the operator Z = C + D, we get the 
Corollary. D 

Theorem 8.4. Assume that Z is a densely defined linear operator in a complete locally 
convex space X and t > 0. Assume also that there exists a function F G 9^x such that 
V(F'^f{0)) D V{Z) and F'^f{0)g = Zg, g e V{Z). Then the operator Z possesses a closure 
and its closure is the generator of the /Co-semigroup iff there exists a dense linear subspace 
A C V{Z) such that for any / G A and s > there exists a sequence {/^}$^i, /^ G V{Z), 
satisfying the following conditions: 
a)w-\im (FM(i)/_/^)=0; 

b) It is possible to choose a convergent sub-subsequence for any subsequence of the sequence 

c) It is possible to choose a weakly convergent sub-subsequence for any subsequence of the 
sequence {Z/^}~=i. 
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Proof of Theorem 8.4 ■ {=>) It follows from Theorem 17.21 
(<^) By Theorem 17.21 there exists the solution of the equation 

fis) = Zf{s) 

on [0, 00) for any initial condition /(O) = g, where g E A. Thus, by Theorem 18. 1[ Z is 
the generator of the /Co-semigroups S and 

S(t)/ = hm F(t/n)"/, /ex. 

n— >oo 

D 

Corollary 8.3. Let C and D be generators of the /Co-semigroups exp (sC) and exp (sD) 
in a complete locally convex space X and i > be fixed. Assume that the following conditions 
are satisfied: 

i) V{C)nV{D) is dense in X. 
ii) {[0, 00) 3 s ^ exp (sC) exp (sD)} G £x- 

Then the sum of C and D possesses a closure and its closure is the generator of the /Co- 
semigroup iff there exists a dense linear subspace A C V^C) fl ^(D) such that for any 
/ G A and s > there exists a sequence {fn}'^=i< fn ^ ^(^ + D), satisfying the following 
conditions: 

a) w- hm ((exp (^C) exp (^D))M/ _ /^) = O; 

n— >oo 

b) It is possible to choose a convergent sub-subsequence for any subsequence of the sequence 

{F[-^/*l(^)/}„eN; 

c) It is possible to choose a weakly convergent sub-subsequence for any subsequence of the 
sequence {(C + D)/^}- ,. 

Furthermore, if conditions (a)-(c) are satisfied, then 



exp (s(C + D))/ = hm {exp (^C) exp (^D)}"/, s > 0, 
for each / G X. 

Proof of Corollary \8.3[ Put F(s) = exp(sC) exp(sD) for any s G [0, oo). By 
lims-\F{s)f-FiO)f) 
= lim s~"'^(exp(sC) exp(sD)/ — exp(sC)/) 
+ hms-\eMsC)f - f) = Cf + Bf, feV{C)nV{D), 

we infer that r'(Fgj(0)) is dense in X. Thus, by condition (ii), we deduce that F G J'x- 
From Theorem 13. II it follows that operator C + D possesses a closure. Therefore, applying 
Theorem 18.31 for the operator Z = C + D, we get the Corollary. D 

Remark 8.2. If A is sequentially dense in X, then the condition that X is a complete 
locally convex space in Theorems \8.2W8.4\ and Corollaries I8.JII8.3I can be changed to the 
condition that X is a sequentially complete locally convex space. Indeed, it is enough to 
apply Theorem \8.1\ and Remark \8.1\ 
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9. Consequences for semigroups defined on Banach spaces. 

If X is a reflexive separable Banach space or Hilbert space, then the formulations of 
some previous theorems can be considerably simplified and we get the following results: 

Corollary 9.1. Let Z : i3 D ^(Z) — > i3 be a densely defined linear operator and t > 0. 
Then the operator Z possesses a closure and its closure is the generator of the ZCo-semigroup 
iff there exists a function F : [0, oo) h-i> C{B) such that: 

i) F(0) = I and there exist a G R and M > 1 such that ||F"'(^)|| < Mexp(asf ) for any 
n, m eN and s > 0; 

ii) P(F^/0)) D V{Z) and F^/O)^? = Zg, g& P(Z); 
iii) r'(F*'(0)) is *-dense in B*; 

iv) There exists a dense linear subspace A C V{2i) such that for any / G A and s > there 
exists a sequence {/n}^i, fn ^ ^(Z), such that there exists 

^-lim(F["^](^)/-/„)=0, 

n^oo 

and the sequences {Z/„}^]^ is bounded. 

Furthermore, if conditions (i)-(iv) are satisfied, then exp(sZ)/ = lim F(s/ra)"/, s > 0, for 

71— >00 

each f e B. 

Proof of Corollary\9Jl Since {(F^'^'Ki) f - fn)}n=i is weak convergent and {(F^'^'Ki) f)}n=i 
is bounded we infer that {(F["'*](;^)/ — fn)}^=i and {fn}^=i are bounded. Note that for 
any bounded sequences {gn}'^=i, Qn G B, the following condition is satisfied: It is possi- 
ble to choose a weakly convergent sub-subsequence for any subsequence of the sequence 
{fi'njneN- Therefore, by Theorem 18.31 we get the Corollary. D 

Corollary 9.2. Let Z : i3 D ^(Z) ^ i3 be a densely defined linear operator in B and 
t > 0. Assume that there exists a function F : [0, oo) i-^ £^{B) such that: 
i) F(0) = I and there exist a G M and M > 1 such that 

||F™(^)||<Mexp(asf) 

for any n, m El^ and s > 0; 

ii) I?(F^/0)) D V{Z) and F^/O)^? = Zg, ge P(Z); 

iii) V{Y*'{0)) is *-dense in B*. 

Then the operator Z possesses a closure and its closure is the generator of the /Co-semigroup 

iff there exists a dense linear subspace A C V{fL) such that for any / G A and s > 

there exists a sequence {fn]n=v fn e V{Z), such that w- lim (F[""](^)/ - /„) = 0, and 

{F^/0)/„}- 1 is bounded. 

Proof of CorollaryWE Since {(F[""1(^)/-/„)}~=i is weak convergent and {(F[""1(^)/)} 
is bounded we infer that {(F["'''](^)/ — /n)}$^i and {fn}'^=i are bounded. Note that for 
any bounded sequences {gn\'^=i^ gn € B, the following condition is satisfied: It is possi- 
ble to choose a weakly convergent sub-subsequence for any subsequence of the sequence 
{gn}nm- Therefore, by Theorem 18.21 we get the Corollary. D 

Corollary 9.3. Let C and D be generators of the /Co-semigroups exp(sC) and exp(sD) 
in B and t > 0. Assume that the following conditions are satisfied: 
i) V{C)nV(D) is dense in B; 



oo 
n=l 
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ii) V{C*)r]V{D*) is *-dense in B*; 

iii) There exist a e R and M > 1 such that 

||{exp(^C)exp(^D)n| <Mexp(asf) 

for any n, m eN and s > 0. 

Then the sum of C and D possesses a closure and its closure is the generator of the /Co- 
semigroup iff there exists a dense linear subspace A C T)(C)r\'D(D) such that for any / G A 
and s > there exists a sequence {fn}'^=i, fn G ^(C) fl ViD), satisfying the following 
conditions: 
a) w- lim ((exp (^C) exp (^D))M/ _ /^) = O; 

n^oo 

b){(C + D)/4~o is bounded. 

Furthermore, if conditions (a)-(b) are satisfied, then 



exp (s(C + D))/ = lim {exp (^C) exp (f D)}"/, s > 0, 
for each f E B. 

Proof of Corollarv \9.3[ Since {((exp (^C) exp (^D))^"'']/ — fn)}^=i is weak convergent 
and {(exp (^C) exp (^D))["^l/}~^i is bounded we infer that {((exp (^C) exp (^D))["^l/ - 
/n)}^i and {fn}'^=i are bounded. Note that for any bounded sequences {gn}'^=i, Qn G B, 
the following condition is satisfied: It is possible to choose a weakly convergent sub- 
subsequence for any subsequence of the sequence {gn}nm- From Theorem 1.34 in [4J it 
follows that exp(sC*) and exp(sD*) are /Co-semigroups and, therefore, condition (iv) of 
Corollary [82] is satisfied for B = V{C*) fl I?(D*). Thus, by Corollary [821 we get the 
Corollary. D 

Remark 9.1. If the operators iC and iD are self-adjoint, then conditions (ii), (iii) of 
Corollary \9.3\ can be omitted. 

Corollary 9.4. Assume that i3 is a Hilbert space and Z is a densely defined dissipative 
linear operator in B. Then there exists a function F E 3^s such that 

F'(0)|x,(z) = Z. 

Moreover, If there exist a local solution f : [0, I) \-^ B of the system 

fit) = Z/(t), ^G [0, /), 

/(O) = hEViZ), 
then F(-)"/i tends to /(t) as n -^ oo uniformly with respect to t G [0, to] foi' any ^o G (0, /). 



Proof of Corollary \9.4\ It follows from Theorem 15.11 and Proposition 13.41 D 
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